@

Lészﬁcé Equation

IE {12) = alt £, e ilrta,y) ¥5 andgti in a domain B

the both w and 7 sqatish the Lzzpo/a?m quafﬁﬁf?
N U x +C/3_zj é {,,{,W 2 SEcond @G’f'gff?/=:"i’{frﬁuﬁ¥-bf

and {
2 ] DU
PV UpgrVay | 5z (5E)

in D ond have continupps secoad f@rg;a/ dorivatives in D,

Proof - Cauch-Ki€mand oguations -

U= Yy 2 Ug =gz

uf‘] ::-—~U//)C' = UHﬂ e 7Y /

Siace Vg = 2 (2‘"&{ ) ( )
qﬂ

ox oYy
T/‘zm Upe e +Uyy = .
Sinilacly we <qn derive
U + Vyy = 0

),

The specal or NV
R
V f = (;,(x N (‘»}ﬁ

s called laplacion .

Solutions of Loplaeran gquetiens arg < glled harmpnic,
functions . Jlopce the ropl gnd maginer y parts of

g i,

an angly bre Funetion acd harmon iz fuselion s

TF 10) uoand v satisfy Cauch-Riemap Pquations

(o) IF F=utlvy 05 aa qnalyic Cpoction aver [ and
TJ]QO lf JZ 50/& to 56 a H@F”'FHOF}A(‘, Ccaﬁjat;?@'ffé?
fuaclion of o overthe o omain 0,
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Example : U= %=y
(1) Show thot w15 Dharmonic

\/i'l'\ f‘:!"/?(’?\ Fne H . Fe
g - Qrmppic C{:Mfu ¢ 7 ofF 4
| f@lf an £
So/u?'{— . 9 ) ne £1 w {’ {.

®
(: Ug = 28 = Ugg =2 3
Uy =~24- Vs
A £ Sugy= -2 &
(1) |
L/:g o (,,,?,( F 2% :> ’%(rﬂ B .
. AT n 2 = e XY+ h(x)

oy = — -
g =ty = YA = ~ (- 24-1) =2y +L
m> hW (=1 = hixde X+ 6
[hen U = 2%4+%+C
flz) = u+iv o glay? ‘
| - 0~y Y) e ((2xy+ac)
OV S S
=2 -y e 1259) - Yel L r g

L2
(Xe(y) 7 (xriy)eC

/4

-— 2 7
= 2 +tZ+C
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135 &xponentigl Funckion (630)
Lomplex oxponegntial function
[S
flz)= € =explz)
T Ty X :
e = = @ (Cogytisiny)
Propecties »
(v) For CosYy =4, siny=0 < ngeyc {Real)
e ((i) e% is analyic for gll 7,
: Z
() (efy < 48 . pf
e d 7z )
‘ 2|+?9 ?! A:z"?v
fiv)y e "o .0
?]Eg %, g . . B
¢ =~ £ (Cosy, 'Hﬁfﬂl_/]‘) @ (cocyyrisiny,)
Lyt Ko |
= ¢ [(c@s 4,Co5Y, ~Siny, Siny,)
+{ (S;T'\HICOS ‘jé + Loy, 51()97)]
Wyt Wy .
<@ [COS(H:‘W@ + U sin(y, 9,0 ]
{ . .
KX +((Y*2) 7 47,
Y .
Euvler Focmula ~ €7 = cosy+(s/ny
FPesiodizity of ex .
2+l 2n]T éx*‘k@ﬁzmr)
x _ .
= ¢ Ec‘o&(9+2ﬂ'&+Lf:n(ﬂ%‘»’znn)J
- ‘IL ¥
':‘QQCECOSQ"‘ESM@J = Qx.”‘j'_“fpé
Peciodic over 27n Siripfi oyee Tm axis .

R

Fwn(f@.rm?nfgd reqian af ¢ . <y £7T

FIIATT
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Lxample :

LZ[ - 0. 6’5 7. 4? ]
é = L (cos0.6~i5n0.6)

= 4.055 (0.825370.5648)

Magaitude

b8 .
o = [ 4.060 (0.8283-( 0.56 45)]
J

= (4.055[10.8253-(0.5646] = 4. 956
S e
4.
ﬂf’gum éen f
LAH~0.80C
Arg (€ ) =-0.6

r

Example : (v " s ged=p

% i et

. . N 4t 2t
Find £02)-9i2) =2 e ™) ;—»Qz L '

Exomplp =

r

z : Z Jy Hf- e
0 = 3:40 = 7ol VARl

COsy :_g,, 0.6 i SNy s _fsg = 0.8

@zv = QOC(Coﬁg+ 1:5:7}30

';{ T
e =5 o xg=lnih= /.KGQE

) Z2 X4y
Y = cos 0.6=0.927

~ {.609+(0. 927

o qenpcal ¢ e 1.6094 (0. 9214 077 )
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13.6. Tei gondmplric & f—fg‘;ﬂ@ffjm{c; Funcktiong « §33)

Evlecs {ormula
(y
€ " = cady+isiny
_;'\if
@ = CaAsY — ¢ £iny

Defaicion « 1o Gpno ‘(?PVL!C Functions

~( 7 T N
m,g_ﬂm( S ) (cosz)-:i{{e ~ (€ )e-ging
' - 5\ - !Z - f -[Z
Sing =zl 0 o bt . 2
z PN (€ tf' ) (5:nZ)~..,ag€ +1i¢ )= cosE
Then
Can? = S0E. cotis Lo3L
foc T §n A
I . ]
S€C 7 & - EFC P w e

tesz 7 TR T3
Oefinition < Hypechol'c Functrons
cosh z 2 ..ZL (ot , o 7y
soh & 2L (e"0"")
(coshz) = QLKE’?—-E?“&) - cnhz
(sinh2)= 4 (€ e ) coshr

talh v = S0h% . cothy - Coshz

£osh ¥ S h &
sechy = . 5 Csch? = d
£AGhHE sinh #
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-(2 (Axeey)  —(xrly)
y o] [@ ‘o ffj

Y

~2-’—' [ eﬂg(cwﬁ wlsin ) +€ (cosm~iLin %)j
- ! . - .
‘é‘“f(e 3—}6’))&?5’25 —!-‘!((2‘ *Gg)g;f?xj

- 4,077y e e e 0y ]
L(etve Dcosxt ~ L€ -0 ) sing ]

= Cos® coshy - L SaXsiphi

Sayilpe 1y

jfr) Z = oy K‘{Jiht[f# [c‘asﬂ‘. 5Infﬁ:/

Ewgmple.

10@5 27 = COSZJC'{- jfﬂ«hzﬂ

Froof

7 2 2T -2
,thﬂ:—‘z’(e + € )éaothza:—{—’—(@ M?M*h?).

L,t

ey -2
ginhy =4 (67 € P D ankty= L (75 e L g)

cash' 4 -sinn’y :71? (4) =L = cash®y = 1+siah’y

COST = (P9 cashy — ($MZ siahy

]coS%lz =

-

o~
-—

-
—

.

2 I
Cas « . coshﬁg o sin® senhéy
cos* . co shfy b (1-cosa) s h Y
cas*x (eashty = sink y) + sinhly
Mg e

14
cost +5mh‘?j
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Senilarly
Vsine " = sin’ic + sinh”y
Example.
COSZ =&
;f (e 2, ey o5 > et‘zfe—[g = 10
ﬁ’{‘”‘!ﬁ':m N 'z

T ils) | urix g gas o=y
e =e = O o
8t -4 I -1
-~ o Sy S AN S o U oS
Y ozwlaty =~2.292
'\’yQ { Y
6 :‘fg:az;e 2::. 't} —-%?QQ:(,.:7%7

92 = 7 ,2?2
x = Zﬁﬂ

Thea 2 = x5.292+ (210



281 (19

i g 0 &N f'rlﬁf)‘s
’ EJ‘C ‘J:.‘f 4

- E <: - 2‘

Al

Cosh LE

) A‘“’
' : py |")/II 2
] 2 5{/}% S
¥ L

3}
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(dmpwx nm”u rer ! ld?ar"7hm

W .
€ =z & w=n?# (2£0)

W= Ut 5 2 xedy

W
£ = ¢
Uty . ( ) \
e e XA Y = O [(cosTeisinlT) = K+l
Then g
A o4 cos
74
Y= @ sy
28 ( & wti'v (o
tece . = 0 :ce
F”P yi U‘\:é“
| 1. T (6
T=0¢g @nZ=lfe )=(nr+n¢
= h( + /¢
Indeed _
L6 +21) p e
Z=0re S nT=lpre (87 270)

Mo
QKQMﬁ((?T 2282.:672- +(21Tn

Sttt St e,

2 Jj2iin —
lnZ = (NP +[n€ = 24—J27//f1

Example: z._g". gt ST

L Mza)
H@m U\7:1016’2+ Y
_Qgé__,({\m ,,,,, _ﬁﬁ‘?[ = 94 J (4 ‘f“—? ﬂ)

Hu(l@r‘ﬁ/i cation U Livision

n 2,2, = (a2, 4ln¥, ) m,_g;dn 7z, ~lnz,

281 (29)
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Exemple : 7= 3-4{ 5 r=ox
Im -4
Iv * 6‘::ch5 ("Ei):“oéjg?jj
-»-E(/c).E?Z?SFZﬂn)

ﬁ\ig ke gz i(n(sp
_y = Los - ( (09273727 )

Logax iLhmic function aral Ylic

| o C e
ln 7 = e+ LAFITN) = Lors(8F 27N
(‘ A \.._/-’—‘\r-—‘u-) )
(NG 3 Principal Vaie?

lne «(@B+¢)
. WA
['?m + ((fan __ﬁm +C>

il 4" (f@n"?‘gk[i )+ )

A

b

15

|
’ L
T T

" x‘ Wj“"}z‘ii"i” ~ / =
Y Z
1+( 4 1+(4)
- /;lr,Q
(lnE)mU;c“JK:*“E‘C‘“”&' “‘““"g"‘“’””’”E_
2%+ y 12 (Y /%)
% 8wy K
Tyt ahey T Tphgr T Tely  E
Gratiql Powers
- T (n7 cin %
2 e = Q
be -
0 v oz’ Ltn
ﬁ = 7 - e A &

@)



(‘\

e ii’/ﬂf
Example 7.0 = o R |
LT oom ) o
im:bn(e((} ) = ?f-;zl Fora)
P 7 A W..,-— _
VZ’LL?@MMM L5 T 2m0) eﬂ(’g«i’(m)
i ‘ _ Mg ) N
Pr’w(\clé?d( VQ(LL@ v "‘j :.;g (’mn D )
Fxample - )7
220 i) (22D tafied)
:Z :(7%‘() ,_': e = £
.' R
. @ Foam ‘
(=) =ty e = (n {7+ c'('{?:m'n)
(20 ) (tavZ * (2 4 oma)

= exp| 200 W F200) w ((F +ana)- 07 ) |

1

@xp[tn(2+—2:? M0+ U 3 4R |

b

T T Ao\ eIl |
f2+«—}r + Zﬂﬂ) + CﬁOS{‘-‘Qﬂﬂ 2"(02)'_1” [ 51(](.5., ,__g‘i,*,m‘?)
7 = 2+ -EL AT . [:{m(:%*LnQ) !l (&S (—?{-LHQB
Prihf\f?-ﬂ-ﬁ Nglpd = n=0O

Z= 0 +_gf + [5;(\(.2‘,? ) + (€os (ﬁw(nﬂ_")j



Comptex Expor antipl s

- eempconrs
i ST I

(3 ot Zlnn
-FCZ) - C = € e
E\(wmf/ez
N Z
(/"“t) = & _ @ﬂ[)

ot _ A
(1= = talim @ # )= taiTr e

\tnp - (L

Zln(1ei)

ef éfl f'ff'(): Qxf[%»i_#"y)(_% Ln?-»{/-zii )j

_ /oo e
::EKQE&}X£ﬂ2+%%0+% (z%n2 r’qu)
= exﬁ[i’g% (95'7"?‘;?>*'7?(ﬂ*f’7‘f)j

= exp [0 iy) -~ TLicz ~iy)]

[ e, T o
< exp[U2 720 2]





